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$\alpha(u_{t})-\triangle_{m}u=f(t)$ $in$ $\zeta 1\cross(0, T)$ ,
$u=0$ on $\partial fl\cross(O, T)$ ,
$u(0)=u(T) 1_{11} tl,$
$fl$ $\mathbb{R}^{N}$ $\partial\zeta l$ $f$ $L^{p’}(0, T;V^{*})$
$v*$ V $\alpha$ : $\mathbb{R}arrow \mathbb{R}$ $\triangle_{m}$ $m$
$\triangle_{m}u=div(|\nabla^{u}|^{m-2}\nabla^{u})$, $1<m<$ $oo$ .
$\alpha$
$\mathbb{R}$ $p\in[2, \infty)$ $c_{1},$ $c_{2},$ $c_{3}$
$c_{1}|x|^{p}\leq\beta(x)+c_{2},$
$|\alpha(x)|^{p’}\leq c_{3}(|x|^{p}+1) , p’=p/(p-1)$ ,
$\beta(x)=\int_{0}^{x}\alpha(c)dc$
$d\psi(u_{t}(t))+\partial\phi(u(t))\ni f(t)$ $in$ $V^{*}$ , (1.1)
$u(O)=u(T)$ (1.2)
$v*$ V $f\in L^{p’}(0, TV^{*})\phi$ : $Varrow(-\infty, \infty]$
( $\infty$ ) $\psi$ : $Varrow(-\infty, \infty]$ G\^ateaux
$d\psi$ $\partial\phi$ $\psi$ G\^ateaux $\phi$
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$m^{*}=\infty$ $(N\leq m$ $)$ $m^{*}= \frac{Nm}{N-m}(m<N$ $)$ $p<m^{*}$
$V=L^{p}(fl)$ , $X=W_{0}^{1,m}(fl)$ ,
$\psi(u)=\int_{f1}\beta(u(x))dx$ $\forall u\in V,$ $\phi(u)=\{\begin{array}{l}\frac{1}{m}\int_{\zeta 1}|\nabla^{u|^{m}dx} if u\in W_{0}^{1,m}(fl) ,\infty if u\in V\backslash W_{0}^{1,m}(fl) .\end{array}$
$X\hookrightarrow V$ Rellich-Kondrachov
$\psi$ G\^ateaux $\phi_{X}(\phi_{X} : Xarrow[O, \infty] \phi X )$
$d\psi(u_{t})=\alpha(u_{t}),$ $\partial\phi(u)=-\triangle_{m}u$
Akagi and Stefanelli [1] Weighted Energy-Dissipation functional
2
2.1 $\varphi_{E}$ $E$ $(-\infty, \infty] ( \varphi\not\equiv\infty)$
$\varphi$
$\partial\varphi_{E}$ : $Earrow E^{*}$




2.2 $\psi$ $u$ G\^ateaux
$\lim_{harrow 0}\frac{\psi(u+he)-\psi(u)}{h}=\langle\xi, e\rangle_{E}.$
$\xi\in E^{*}$ $\xi$ $u$ $\psi$ G\^ateaux
$d_{E}\psi(u)$ $\psi$ $u$ G\^ateaux $\partial\phi(u)$ $d_{E}\psi(u)$
3
V $v*$ $|\cdot|v$ $|\cdot|v-$ duality pairing
$\langle\cdot,$ $\cdot\rangle_{V}$ $X$ $x*$ $|\cdot|x$ $|\cdot|x$ .
duality pairing $\langle\cdot,$ $\cdot\rangle_{X}$
$X\hookrightarrow V , V^{*}\hookrightarrow X^{*}$
$\phi$ : $Varrow[O, \infty]$ $\psi$ : $Varrow[O, \infty)$
G\^ateaux $\phi$ $\psi$ $G$\^ateaux $\partial\phi$ $d\psi$
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$p\in[2, \infty)$ $m\in(1, \infty)$ $\psi$ $\phi$ G\^ateaux
$\exists C_{1},$ $C_{2}>0$ $st$ . $C_{1}|u|_{V}^{p}$ $\leq\psi(u)+C_{2}$ $\forall u\in V$ . (3.1)
$\exists C_{3},$ $C_{4}>0$ st. $|d\psi(u)|_{V}^{p’}.$ $\leq C_{3}’|u|_{V}^{p}+C_{4}$ $\forall u\in V$ . (3.2)
$\exists C_{5}>0$ st. $|u|_{X}^{m}$ $\leq C_{5}(\phi(u)+1)$ $\forall u\in D(\phi)$ . (3.3)
$\exists C_{6}>0$ $st$ . $|\eta|_{X}^{m’}.$ $\leq C_{6}(|u|_{X}^{m}+1)$ $\forall\eta\in a_{c}\phi_{X}(u)$ . (3.4)
4
4. 1 $($3. $1)-(3.4)$ $($ 1. $1)-(1.2)$ elliptic regularization






$\int_{0}^{T}\phi(u_{\epsilon})dt\leq C$ , (4.5)
$\int_{0}^{T}\langle\tilde{\eta},$ $u_{\epsilon} \rangle_{X}dl\leq-\int_{0}^{T}\langle\epsilon d\psi(u_{\epsilon}’),$ $u_{\epsilon}’ \rangle_{V}dt-\int_{0}^{T}\langle d\psi(u_{\epsilon}’),$ $u_{\epsilon} \rangle_{V}dt+\int_{0}^{T}\langle\int,$ $u_{\epsilon}\rangle_{V}dt$ , (4.6)
$\int_{0}^{T}\langle d\psi(u_{\epsilon}’),$ $u_{\epsilon}’ \rangle_{V}dt\leq\int_{0}^{T}\langle f,$ $u_{\epsilon}’\rangle_{V}dt$ . (4.7)
$\alpha$ $\frac{m}{p}-1$
$\tilde{\eta}(t)$ (4.1) $\phi_{X}(u$ $(t))+\epsilon\phi^{\alpha}(u_{\epsilon}(t))\partial_{X}\phi_{X}(u$ $(t))$
section
4.2 $(3.1)-(3.4)$ $\epsilon_{n}$ $u$ $\epsilon_{n}arrow 0$
$u_{\epsilon_{n}}arrow u$ strongly in $C([O, T];V)$ , (4.8)






$m>p$ $h\in L^{p’}(0, T;V^{*})$
$(AE)_{\lambda}^{h}\{\begin{array}{l}-\epsilon(d\psi(u_{\lambda}’(t)))’+\epsilon d\psi(u_{\lambda}(t))+i)_{V}\phi_{\lambda}(u_{\lambda}(t))+\epsilon u_{\lambda}(t)=f(t)+h(t) in V^{*}u_{\lambda}(0)=u_{\lambda}(T)d\psi(u_{\lambda}’(0))=d\psi(u_{\lambda}’(T))\end{array}$
$(AE)_{\lambda}^{h}$ $\phi_{\lambda}$ $\phi$ $\lambdaarrow 0$
$u_{\lambda}arrow u_{h}$ $u_{h}$
($AE$)h $\{\begin{array}{l}-\epsilon(d\psi(u_{h}’(t)))’+\epsilon d\psi(u_{h}(t))+\partial_{X}\phi_{X}(u_{h}(t))+\epsilon u_{h}(t)\ni f(t)+h(t) in X^{*}u_{h}(0)=u_{h}(T)d\psi(u_{h}’(0))=d\psi(u_{h}’(T))\end{array}$
Step2
$\equiv L^{p’}(0, T;V^{*})$ ($with$ weak topology) $h$ $K_{R}\equiv\{x\in\Xi;|x|_{L(0,T;V)}p’\cdot\leq R\}$
$K_{R}\equiv\{x\in\Xi;|x|_{L^{p’}(0,T;V)}\leq R\}$ Banach-Alaoglu
$u_{h}$ $(AE)^{h}$ $\beta$ ( )
$\beta(h):h\mapsto u_{h}\mapsto-d\psi(u_{h}’)$ ,
$\beta(h)=-d\psi(u_{h}’)$ .
$\beta$( ) self-mapping Schauder $K_{R}$
($AE$)




$u$ $(AE)^{h}$ $u$ $(AE)^{h}$
$u\in W^{1,p}(0, T;V)\cap L^{m}(0, T;X)$ ,
$d\psi(u_{t}(\cdot))\in L^{p’}(0, T;V^{*})$ ,
$A’\phi_{X}(u(\cdot))\in L^{m’}(0, T;X^{*})$ ,





$\Gamma\equiv L^{p}(0, T;V)$ $I_{\epsilon}^{1}$ : $\Gammaarrow[0, \infty]$
$I_{\epsilon}^{1}(u)\equiv\{\begin{array}{l}\int_{0}^{T}\epsilon\psi(u’(t))dt(u\in W^{1,p}(0, T;V) u(O)=u(T) )\infty \end{array}$
1 $A$ : $\Gammaarrow r*$
$A(u)(t)=- \frac{d}{dt}(\epsilon d_{V}\psi(u’(t)))$ for $u\in D(A)$
$D(A)=\{u\in D(I_{\epsilon}^{1});d_{V}\psi(u’(\cdot))\in W^{1,p’}(0, T;V^{*}), d\psi(u_{\epsilon}’(0))=d\psi(u_{\epsilon}’(T))\}.$
$A=\partial_{\Gamma}I_{\epsilon}^{1}$
$I_{\epsilon,\lambda}$
$I_{\epsilon,\lambda}(u)\equiv\{\begin{array}{l}\int_{0}^{T}\phi_{\lambda}(u(t))+\epsilon\psi(u’(t))+\epsilon\psi(u(t))+\frac{\epsilon}{2}|u|_{V}^{2}-\langle f+h, u\rangle_{V}dt(u\in W^{1,p}(0, T;V)), u(O)=u(T) \psi(u( )), \psi(u’(\cdot)), \phi_{\lambda}(u(\cdot))\in L^{1}(0,T) )\infty \end{array}$
2 $I_{\epsilon,\lambda}$ global minimizer $u_{\lambda}$ $\Gamma$
$1$ 2 $(AE)_{\lambda}^{h}$
$(AE)_{\lambda}^{h}$ $u_{\lambda}(t)$
$\int_{0}^{T}\langle\epsilon d\psi(u_{\lambda}’),$ $u_{\lambda}’ \rangle_{V}dt+\int_{0}^{T}\langle\acute{(}h\phi_{\lambda}(u_{\lambda}),$ $u_{\lambda}\rangle_{V}dt$
$+ \int_{0}^{T}\langle\epsilon d\psi(u_{\lambda}), u_{\lambda}\rangle_{V}+\langle\epsilon u_{\lambda}, u_{\lambda}\rangle_{V}dt=\int_{0}^{T}\langle f+h, u_{\lambda}\rangle_{V}dt$ (5.1)
(3.1),(3.3)











$u_{\lambda_{n}}arrow u$ in $W^{1,p}(0,T;V)$
$\partial_{V}\phi_{\lambda_{n}}(u_{\lambda_{n}})arrow\eta$ in $L^{m’}(0, T;X^{*})$
$d\psi(u_{\lambda_{n}})arrow a$ in $L^{p’}(0, T;V^{*})$
$d\psi(u_{\lambda_{n}}’)arrow\xi$ in $L^{p’}(0, T;V^{*})$
$(d\psi(u_{\lambda_{n}}’))’arrow\xi’$ $in$ $L^{m’}(0, T;X^{*})+L^{p’}(0, T;V^{*})$
$-\epsilon\xi’+\eta+\epsilon a+\epsilon u=f+h$
$\{\begin{array}{l}\eta(t)\in\ \phi_{X}(u(t)) ae t\in(0, T) ,\xi(t)=d\psi(u’(t)) ae t\in(0, T) ,a(t)=d\psi(u(t)) ae t\in(0, T) .\end{array}$
3H.Brezis (1970) $A$ $E\cross E^{*}$
$[u_{n}, v_{n}]\in A$ $u_{n}arrow u$ in $E,$ $v_{n}arrow v$ in $E^{*}$
$\lim_{narrow}\sup_{\infty}\langle u_{n}-u, v_{n}-v\rangle_{E}\leq 0,$









$(\# 1)\beta(h)$ maps $K_{R}$ into itself,
$(K_{R}\equiv\{x\in\Xi;|x|_{L^{p’}(0,T;V)}\leq R\})$






















$|$ $\phi X(u_{h_{n}})|_{L^{m’}(0,T;X)}\leq C$
$|\epsilon(d\psi(u_{h_{n}}’))’|_{L^{m}(0,T;X)+L^{p}(0,T;V)\leq C}$
$u_{h_{n}}arrow u_{h}$ in $W^{1,p}(0, T;V)$
$u_{h_{n}}arrow u_{h}$ in $L^{2}(0, T;X)$
$\mathfrak{c}’)_{X}\phi_{X}(u_{h_{n}})arrow\eta_{h}$ $in$ $L^{m’}(0, T;X^{*})$
$d\psi(u_{h_{n}})arrow a_{h}$ in $L^{p’}(0, T;V^{*})$
$d\psi(u_{h_{n}}’)arrow\xi_{h}$ in $L^{p’}(0, T;V^{*})$
$(d\psi(u_{h_{n}}’))’arrow\xi_{h}’$ $In$ $L^{m’}(0, T;X^{*})+L^{p’}(0, T;V^{*})$




Stepl $(\# 1)$ $(\# 2)$ $\beta$ ( ) $K_{R}$












$J_{\lambda_{n}}u_{\lambda_{n}}arrow u$ in $L^{m}(0, T;X)$
Simon[5]















$- \int_{0}^{T}\langle\epsilon(d\psi(u_{h}’(t)))’,$ $u_{\epsilon}’ \rangle_{V}dt+\int_{0}^{T}\langle d\psi(u_{\epsilon}’),$ $u_{\epsilon}’ \rangle_{V}dt+\int_{0}^{T}\langle\eta_{\epsilon},$ $u_{\epsilon}’ \rangle_{X}dt+\int_{0}^{T}\langle\epsilon u_{\epsilon},$ $u_{\epsilon}’\rangle_{V}dt$
$+ \int_{0}^{T}\langle\epsilon d\psi(u_{\epsilon}), u_{\epsilon}’\rangle_{V}dt=\int_{0}^{T}\langle f, u_{\epsilon}’\rangle_{V}dt,$
$- \int_{0}^{T}\langle\epsilon(d\psi(u_{h}’(t)))’, u_{\epsilon}’\rangle_{V}dt+\int_{0}^{T}\langle d\psi(u_{\epsilon}’), u_{\epsilon}’\rangle_{V}dt\leq\int_{0}^{T}\langle f, u_{\epsilon}’\rangle_{V}dt,$









2. $\epsilon$ $\epsilon_{n}$ $0$
$\eta(t)+\xi(t)=f(t)$
21
3. $\xi(t)=d\psi(u_{t}(t))$ $\eta$(t) $=$ & $\phi$x(u(t)) Stepl
$m>p$
$d\psi(u_{t}(t))+\partial\phi(u(t))\ni f(t)$ $in$ $V^{*},$
$u(0)=u(T)$ .






$\exists C_{5}’>0$ $st$ . $|u|_{X}^{\tilde{m}}$ $\leq C_{5}’(\tilde{\phi}(u)+1)$ $\forall u\in D(\tilde{\phi})$ (3.3)’
$\exists C_{6}’>0$ $st$ . $|\tilde{\eta}|_{X}^{\tilde{m}’}.$ $\leq C_{6}’(|u|_{X}^{\tilde{m}}+1)\forall(u,\tilde{\eta})\in \mathfrak{c}’k\tilde{\phi}_{X}(u)$ (3.4)’
(3.3),(3.4) (3.3)’,(3.4)’ $m>p$
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